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  =HK7dO JL7TJ`7:=<Q |z1|, |z2| → ∞
5
% R  z1, z2 ∈ C
5
C(z1, z2) = O(|z1| + |z2|) &
% R  z1, z2 /∈ C
5
C(z1, z2)e
z1+z2 = O(eα|z1|+α|z2|)
OVY`HLOV;=
α < 1 &
% R  zi ∈ C
T]Qde
zj /∈ C
O3Y {i, j} = {1, 2} 5 C(z1, z2)ezj = O(|zi|eα|zj |)

 pQdeI=<Y JL7:RSH7GFGa1O]JL7d=<HLRbH O3Q:=iNUTVQwHL7:OlJL7dT]JR J[7eI=Ua1OVRSH[HKO3Q:R-!MTJ[RO3Qrb=U;;TVH §h/
Cn(z2) = n![z
n
1 ]C(z1, z2)e
z2H[TJ[RbH(4d=MH
C(n, z2) + g(n, z2)
7:=UY[=
g(n, z2) = O(1 +
z2
n
)
7d=UQ
z2 ∈ C
T]Qde
g(n, z2) = O(e
α|z2|)7d=UQ
z2 /∈ C
mpa:a:rbFGRQ:zlT]z3TVRQ eI=<aO3RbH[HLOVQ:R !<T]JLRbOVQ r=<;;T OVQ
Cn(z2)
TVQde OVQ
g(n, z2)
=}zV= J
Cn,m = Cn(m) + O(
n
m
+ 1) = C(n, m) + O( n
m
+ m
n
)

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1:; <+=>+=	?@
 =TVH[HLP:;=7:=UY[=BJL7dT]J
p1 = p2 = p
TVQde
q1 = q2 = q
5ZJL7:=HLOVPdY[NU=B;OIeI=<rbH`TVYL=wRSeI=UQqJ[RbN<T]r'²QJL7:RSH
N<TVHL==NUTVQe:= 4dQ:=
c(z) = C(z, z)
7:RSNW7HLT]JLRSH 4d=MH75
c(z) = c(pz) + c(qz) + (1 − e−z)2  j 
 =`Rbrr1a:Y[OoV=JL7TJ
Cn,n = n
2 log 2
h
+Q(log n)n+ o(n)
VRJL7
h = −p log p− q log q J[7:=`=UQqJ[YLO3aqFYWTJ[=VBAPdTVQqJLRJ^F P:QdN JLRbOVQ
Q()
RSHT HL;T]rbra=<YLRbOIeIRbNPdQdNJ[RO3Q  T];a:rbRJLPdeI= HL;T]rbr=<YJL7dTVQ
10−6

7dRbNW7RbH`Q:OVQ !U=<YLOOVQdrF7d=UQ log p
log q
RbY[Y[T]JLRbOVQdTVr  = :N =<aIJL=Me7:=UQ
p = q = 12

 =>qP:RSNGrFadT3HLHOoV=<Y`J[7:=>N<TVHL=
p = q = 12
»JL7d=:RbQdTVYLFP:Q:ROVY[;DNUT3HK=/ 7:=<YL=JL7:=
c(z)
7dTVH
J[7:=HLR;a:rb=w= Ia:Y[=<H[HKRbOVQ
c(z) = 2z − 1 + e−2z  ²QJ[7:RbHpNUTVHL=B=w7dTo3= Cn,n = 2n + O(1)

 =Q:O N O3QdHKRSeI=<YpJ[7:=zV=UQd=UYWT]rNUTVHL=VEGRbQdNU=
c(z)
RbH
O(z2)
7:=UQ
z → 0 T]Qde RbH O(z)  Cn, nRSHHL;TVrrb=UYBJ[7dT]QlJL7:=QGP:;=<YO]Q:OIeI=<HwRbQTJ[YLRb=R J[7
2n
RQeI=Ua1=UQde:=UQqJHK=MqP:=UQdNU=<H J[7:=A-=<rrbRQ
J[Y[TVQdHKOVY[;O]
c(z)

c∗(s)
RSH`eI= 4Q:=<eOVY <(s) ∈] − 2,−1[ T]QeH[TJ[RbH(4d=MH
c∗(s) =
(2−s − 2)Γ(s)
1 − p−s − q−s
 k 
 =PdHL=}J[7:=RQGoV=<Y[HL=A-=UrbrRbQ
c(z) = 12iπ
∫ c+i∞
c−i∞
c∗(s)z−sds
O3Y
c
RbQ J[7:=-eI= 4Q:R J[RO3Q e:OV;T]RbQ OV
c∗(s)

 HKRbQ:zJL7d=YL=MHKRSeIPdHJL7d=UOVY[=U;OVQJL7:=HLRbQ:zVP:rST]Y[RJLRb=<HO]tJL7:=RbQqJL=Uz3Y[TVQde7:RbNW7T]Y[=+5
¹t¹©8:9;<<
v  
	
% TJ s = −1 RJL7Y[=<HLRbe:PdH − 2z log 2
h

% TJ s = sk

k 6= 0 JL7:=eI=<QGP:;=UYWT]:rb=HK=UJ`O]%JL7:=OVJL7:=<YYLOGO]JWH8O] 1 − p−s − q−s R J[7-YL=MHKRSeIPdH
z−sk 2
−sk−2
p−sk log p+q−sk log q
Γ(sk)

687d=UY[= OVY[= RbzVQ:O3YLRbQ:z>YL=MHKRSeIPdHT]J <(s) ≥ 0 
c(z) =
2z log 2
h
−
∑
k 6=0
z−sk
2−sk − 2
p−sk log p + q−sk log q
Γ(sk) + O(1)
^xMu 
 O]J[RbNU=iJL7dT]JP:Q:rb=<H[H J[7:=+rbOVzqT]Y[R J[7:;H O]GJ[7:=Za:Y[OVdTV:RbrRJLRb=<HtT]Y[=iRQqJL=<zV=<Y;P:rJLRba:rb=  	 log p
log q
RSHYWTJ[RO3QdT]r
RbQlJL7:=:RbQdTVYLF N<TVHL=%=>7ToV= ∀k 6= 0 : <(sk) > −1
:PIJ
lim inf <(sk) = −1
687:=<YL=UOVY[=J[7:=
rb=<T3eIRbQ:zJL=UY[; RSH 2 log 2
h
n
  7:=UQ log p
log q
RSHY[T]JLRbOVQdTVrJL7:=<Q JL7:=<YL=RSHTHLP:dHL=<qP:=UQN =O]JL7d=
sk
J[7dTJ
TVYL=wY[=Uz3P:rbTVYLRbrbFHKadT3N =Me}O3QJ[7:=o3=UYLJLRSNUT]r T]GRSH <(s) = −1 Z687:RSHRb;adTVN J[H8J[7:=r=MTVeIRbQ:zJ[=UY[;RJL7-THL;T]rbr a=<YLRbOIeIRSNBNUOVY[YL=MNJ[RQ:zJL=<YL;
zQ(log z)

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 =RbrrdHL7:O RbQTBrbTVYLz3=HL= JZOV1NUT3HK=MHiT]Qde>N O3Q\^=<N JLP:Y[=8RQOVJL7:=<YZNUTVHL=<H%J[7dTJ
C(z, z) = O(zκ)
7d=UY[=
κ ≤ 1 T]Qde κ RbHpJL7d=HL;TVrrb=<HKJpY[=<TVrQGP:;1=UYwHLPdNW7JL7:=<YL== IRSH^JWH s1, s2 > 0
HKPNW7JL7dT]J
s1 + s2 = κTVQde
ps11 p
s2
2 + q
s1
1 q
s2
2 = 1

 =TVQqJtJ[OBPHK=8O]JL7:=`e:OVP::rb=A-=UrbrbRQ>JLYWT]QH^O3YL; ∫ ∫
C(z1, z2)z
s1−1
1 z
s2−1
2 dz1dz2
]RbQqJL=<zVYWTJL=Me
O3Y <(s1) = c1
T]Qe <(s2) = c2
RJL7
(c1, c2)
RQJ[7:=eI= 4Q:R J[RO3Q eIOV;TVRQO]
C∗(s1, s2)
PIJ`JL7dRbH
RSH       Q:OHLPdNW7}eIO3;T]RbQHKRbQdN ==7dToV=
C(z1, z2) = O(zi)
OVY8T]rbrNUT3HK=MH75
zi → 0
TVQde
zi → ∞
i ∈ {1, 2}   6tO YL=<;OoV=J[7:= eI=MTVeIrbOIN =-eI=74dQ:= C̃(z1, z2) = C(z1, z2) − D(z1, z2)
7d=UY[=
D(z1, z2) = z1e
−z1D1(z2) + z2e
−z2D2(z1)−C1,1z1z2e−z1−z2
I7:=UY[=
D1(z) =
∂
∂z1
C(0, z)
T]Qde
D2(z) =
∂
∂z2
C(z, 0)

687dT]J>8TF
C̃(z1, z2) = O(z
2
i )
7d=UQ
zi → 0
T]Qde eIOVP:dr=A-=UrbrRbQ JLYWT]QdHKOVY[;
C∗(s1, s2)
OV
C̃(z1, z2)
= IRbHKJ[HO3Y −2 < <(si) < −1

    & tI    ~  & 
687d=ZA-=UrbrRbQwJLYWT]QH^O3YL; OV
Di(z)
= IRbHKJ[HT]QdeBRSH =<qPdTVrJLO
D∗i (s) = − Γ(s)1−pip−sj −qiq−sj
HKRbQdN = ∂
∂zi
C(z1, z2) =
pi
∂
∂zi
C(p1z1, p2z2) + qi
∂
∂zi
C(q1z1, q2z2) + e
−zi(1 − e−zj ) 687:=<YL=UOVY[=GFadrbTFGRbQ:zwR J[7A =UrbrRbQJ[Y[TVQdHKOVY[;
Di(z) =
z log z
hij
+O(z)
R J[7
hij = −pi log pj −
qi log qj

 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| &  % && <
t~  ¡  
 =7dTo3=pJ[7:=;OGe:R.4d=MeP:QdNJ[RO3QdT]r=<qPdTJ[RO3Q 5
C̃(z1, z2) = C̃(p1z1, p2z2) + C̃(q1z1, q2z2) + (1 − e−z1)(1 − e−z2) +
+D(p1z1, p2z2) + D(q1z1, q2z2) − D(z1, z2).
·¸%¹·»º
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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687d=UY[= OVY[=
C∗(s1, s2) =
(
1
1 − R(s1, s2)
+
s1
1− R(−1, s2)
+
s2
1 − R(s1,−1)
+
s1s2
1 − R(−1,−1)
)
×
×Γ(s1)Γ(s2)
RJL7
R(s1, s2) = p
−s
1 p
−s2
2 + q
−s1
1 q
−s2
2
ZRbQ adTVH[HKRbQ:zl=7dToV=
C1,1 =
1
1−R(−1,−1)
9 HKRbQ:zJL7:=
RbQGoV=<Y[HL=BA =UrbrRbQJLYWT]QdHKOVY[;=w7dTo3=
C̃(z, z) =
(
1
2iπ
)2 ∫
<(s1)=c1
∫
<(s2)=c2
C∗(s1, s2)z
−s1−s2ds1ds2
KxVx%
 =Rbrr;Oo3=J[7:=RbQ3J[=Uz3Y[T]JLRbOVQeIOV;T]RbQO]
s1
JLO <(s1) = c1
T]Qde}JL7d=RQqJ[=UzVYWTJ[RO3QeIO3;T]RbQOV
s2
JLO <(s2) = c2
OVY
c1, c2 = −1 + ε
R J[7
ε > 0
HKPdNW7 JL7dT]J
R(s1, s2)
HKJ[TFIHp T]YwTTFY[OV; xV
687d=O3Q:rFa1O]J[=UQqJLRST]r/a1OVrb=<H=UQN OVPdQ3J[=UY[=<eT]Y[=TJ
s1 = −1
T]Qde
s2 = −1
T]QdeT]Y[=N<T]QdNU=<T]rb=<eqFJL7:=
T3e:eIRJLRbOVQdTVr/JL=<YL;H<
687:=<YL=UOVY[==-7dTo3==<qPdTJ[RO3QKxVx/H^J[Rrbr`oT]rbRbe O3Y <(s1) = c1
TVQde <(s2) = c2
O3Y}HKO3;=
c1, c2 > −1

@QlJL7:=Qd=URbQqJL=<zVYWTJLRbOVQeIOV;TVRQ=N<T]QlOGNUPdHL=>O3Q:rbF OVQ JL=UY[; ∫ ∫ Γ(s1)Γ(s2)
1−R(s1,s2)
z−s1−s2
JL7:=
OVJL7:=<Yrb=<T3eIRbQ:zJ[O=UIaO3Q:=UQqJLRST]rbrbF>Qd=UzVrbRbzVRb:r=JL=<YL;H< ²QdeI=U=MeJ[7:=BJL=UY[; s1Γ(s1)Γ(s2)
1−R(−1,s2)
7dTVHQ:OaO3r=OVY
<(s1) > −1
T]QeJL=UY[; s2Γ(s1)Γ(s2)
1−R(s1,−1)
7dT3HQ:Oa1OVrb=O3Y <(s2) > −1
8687:=J[=UY[; s1s2Γ(s1)Γ(s2)
1−R(−1,−1)
7dTVH
QdO>a1OVrb=TJ`TVrr'
687:=<YL=UOVY[=w=w7dTo3=
C(z, z) =
(
1
2iπ
)2 ∫
<(s1)=c1
∫
<(s2)=c2
Γ(s1)γ(s2)
1 − R(s1, s2)
z−s1−s2ds1ds2 + O(z
−M )
KxMs+
 dOVY`TVYL:RJLYWT]Y[F
M > 0

 =RrbrrOGO+-T]JJ[7:=>HLRb;>adrR-4d=<eNUT3HK=7:=UY[=
p1 = q1 =
1
2
T]Qde
(p2, q2) = (p, q)
z3=UQ:=<Y[TVr) ²Q
J[7:RSH`NUT3HK=
R(s1, s2) = 2
s1R(s2)
R J[7
R(s) = p−s + q−s
J[7:=c=<FqQdR=<Y=UQqJLY[OVaGFV
 O =Rrbr/;>Oo3=JL7d=RbQqJL=Uz3Y[T]JLRbOVQrbRQd=pO]
s1
JLO8T]YWeaOqHKRJLRboV=YL=MT]r/TIRSH+eIRbYL=MNJ[RO3Q  =B;=U= J
O3Q:=pa1OVrb=T]J
s1 = 0
Y[=<HLRbeIP
1
i687:=aO3r=MH+OV P:QdN JLRbOVQ
(1− 2s1R(s2))−1
TJ
s1 = − log2 R(s2) +
2ikπ
log 2
IO3Y
k
RbQqJL=<zV=UY  YL=MHKRSeIPdH − 1log 2
 JL7:=<YL=UOVY[==7dTo3=+5
C̃(z, z) = − 1
2iπ
∫
Γ(s2)
1 − R(s2)
z−s2ds2 +
+
∑
k
1
2iπ log 2
∫
Γ
(
−L(s2) +
2ikπ
log 2
)
Γ(s2)z
L(s2)−s2−
2ikπ
log 2 ds2 +
+O(z−M )
¹t¹©8:9;<<
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RJL7
L(s) = log2 R(s)
T]Qde
M > 0
1=URbQ:z}T]Y[:RJLYWT]Y[F :P:J 4:I=<eJ[O7dToV=wP:QdR O3YL;J^F}O]
O(.)
   J
J[P:Y[QdHOVP:JJL7dT]J`P:QdN JLRbOVQ − 11−R(s)
TVQdeP:QdNJ[RO3Q ∑
k
Γ(−L(s)+ 2ikπlog 2 )
log 2 z
L(s)− 2ikπ
log 2
7dTo3=HLTV;>=wa1OVrb=<H
TVQde JL7:=<RYY[=<HLRbe:PdHNUTVQdN =MT]r' ²Qde:=U=<e J[7:=-YLOGOVJ>OV
logR(s) − 2ikπ TVYL== :T3NJLrbF JL7d=-YLOGO]J sk
OV
1 − R(s) T]QeJL7:=Y[=<HLRSeIPdH8O] Γ
(
L(s) − 2ikπlog 2
) RSHJ[7:=H[T];=TVHJL7:=Y[=<HLRSeIPO] 1
1−R(s)
8687:=<YL=UOVY[=
J[7:=>RQqJL=<zVYWTJ[RO3Q-adTJ[7 NUTVQ =>;OoV=MeJLO8T]YWe-T]Y[:R J[Y[TVYLFaOqHKRJLRbOVQwmpQGFq7dO =N<T]Q:QdO]JRbQdNUYL=MTVHL=
J[OGOp;PNW7JL7:=oT]rbP:=+OV
c2
=MNUTVPdHK=+JL7:=P:QdN JLRbOVQ
zL(s)−s−
2ikπ
log 2
RbQdNUYL=MTVHL=<H7d=UQ
s → ∞ %687:=UY[= O3YL==NUTVQ J[T+V=>OVY
c2
J[7:=oT]rbP:=O]7dRbNW7;RQ:Rb;R-!<=<H
L(s) − s =UJ^=<=UQ −1, 0  = J HNUTVrr κ J[7:RSH;RbQ:Rb;P:; oTVrPd=V  =NUT]QRbzVQ:O3YL=JL7:=wJ[=UY[; RbQ z−s
1−R(s)
HKRbQdN =
L(s) > 0
OVY
s
=UJ^=<=UQ −1, 0 687:=<YL=UOVY[=w=w7dTo3=
C(z, z) =
1
2iπ log 2
∫
<(s)=c2
∑
k
Γ
(
−L(s) + 2ikπ
log 2
)
Γ(s)zL(s)−s−
2ikπ
log 2 ds + O(zκ−ε)
Kx  
@Qw=<T3NW7BJL=UY[; J[7:=UY[=iRSHTH[TVe:eIrb=aO3RQqJtT]J
s = c2
JL7d=UY[= OVY[=i=<T3NW7OVGJL7:=J[=UY[;H
Γ
(
−L(s) + 2ikπlog 2
)
Γ(s)zL(s)−s−
2ikπ
log 2
RbrbrdN O3Q3J[YLRb:PIJ[=TVH zκ√
2πα2 log z
Γ
(
c1 +
2ikπ
log 2
)
Γ(c2)z
− 2ikπ
log 2
R J[7
c1 = −c2−κ
687:RbHRSHi=M3PdRoT]rb=UQqJ
J[O zκ√
2πα2 log z
Γ(c1)Γ(c2)
RJL7 dPNJLPTJLRbQ:z>JL=<YL;H8OV%a1=UY[ROIe
log 2

 7:=<Q log p
log q
RbHYWTJLRbOVQdQdT]r']J[7:=UQ}JL7:=P:QdN JLRbOVQ
R(s)
RbHa1=UY[ROIeIRSN`O3QJL7:=BRb;TVzVRbQdT]Y[FTIRbHrb=<TVe:RQ:z
J[OT]QRbQ"4dQdR J^FO]H[TVedeIr=paO3RQqJ[H<687:=UY[= O3YL=8J[7:=p;T]RbQJ[=UY[; zκ√
2πα2 log z
Γ(c1)Γ(c2)
z3O]JTVrbHLOO]J[7:=UY
 PdNJ[PdTJ[RQ:z JL=<YL;HO]`a1=UY[ROIe Q:OVJQ:=MN =MHLH[T]Y[F ;P:r J[Radr=O]
log 2
3²Q NUOVQdNUrPdHLRbOVQ JL7d=dPNJLPTJLRbQ:z
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